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According to the plans in Task 1.1: “Pattern formation on surfaces or interfaces - the-

oretical and simulation study”, we have studied several model systems with competing

interactions, using analytical, numerical and simulation methods.

The main activities concerned:

1. Pattern formation at ionic liquid-electrode interfaces.

2. The structure of the interface for the thin films of the simple cubic bicontinuous phase

composed of lipid bilayers.

3. Ordering of stripped patterns on flat and curved surfaces.

4. Thermodynamic and kinetic properties of the system with competing interactions on

a triangular lattice

5. Thermodynamic properties of the system with competing interactions on a square

lattice.

6. Influence of obstacles on equilibrium and diffusion properties of the lattice fluid on a

surface.

7. Growth and connection of colonies of cells or individuals in ecosystems

8. Dynamics and structure of nanoconfined water and decane mixtures

The results obtained for the above model systems are the following:

Pattern formation at ionic liquid-electrode interfaces

Molecular dynamics simulations of ionic liquids confined between graphene walls show

formation of striped and hexagonal patterns in the Stern layer under a large variety of

conditions. We have adapted the Landau-Brazovskii type theory of pattern formation in

self-assembling systems and developed a version of this theory appropriate for IL and IL

mixtures with neutral liquids. In our theory, the free-energy functional of the local charge-

density φ(r) at r, has the form

LB [φ] =
∫

dr

[

f (φ (r)) +
βV2

2
|∇φ (r) |2 +

βV4

4!

(

∇2φ (r)
)2

]

,

where

f(φ) = (A2/2 + βV0)φ
2 + A3φ

3/3! + A4φ
4/4! (1)
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with A2, A4 > 0. An and Vn are parameters associated with the entropy and the interaction

potentials respectively. At the mean-field (MF) level, the equilibrium OP corresponds to the

minimum of LB. In the case of IL, V2 < 0 and V4 > 0. When V2 < 0, the inhomogeneous

structure is favoured by the second term in eq. 1, because in the presence of inhomogeneities

(∇φ(r) 6= 0) this term leads to a decrease of the functional. When V4 > 0, the inhomogeneous

structure is disfavoured by the third term in eq. 1. In the case of V2 < 0 and V4 > 0,

competition between these two terms leads to a finite length-scale of inhomogeneities, 2π/kb,

with k2

b = −6V2/V4.[1].

At high temperature the Brazovskii functional takes the minimum for φ(r) = 0, i.e. for the

disordered phase. Ordered patterns with φ(r) that is periodic in space can correspond to the

minimum of LB for sufficiently low T . In 2D systems, the stable ordered pattern corresponds

to parallel stripes for relatively small values of |A3|, or to a hexagonal arrangement of circular

domains with φ(r) > 0 or φ(r) < 0 for negative or positive values of A3 with intermediate

magnitude, respectively. In addition to the ordered phases, a disordered phase is present for

very large |A3|. From our expression for A3 it follows that the transition between oriented

stripes and hexagons can be induced by increasing the charge imbalance in the adlayer,

and/or by adding a neutral component. These predictions are in perfect agreement with

simulations. Thus, our theory explains very well the patterns observed in simulations, and

predicts for what thermodynamic states stripes or hexagons should be formed. The universal

sequence of structures for changing the electrode potential is shown in the cartoon below.

Given the potential influence of the lateral structure of the adlayer on the charging dynamics,

our findings may open new ways to induce structural transitions at those interfaces, which

can be of technological interest.

The structure of the interface for the thin films of the simple cubic bicontin-

uous phase composed of lipid bilayers.

Lipids in water form bilayers in such a way that the hydrophobic parts of the lipids are

inside the bilayer and the hydrophilic parts are outside, in direct contact with the water

molecules. Depending on the concentration of the lipids, different lyotropic liquid crystal

phases are formed. The most interesting are bicontinuous cubic phases. We have studied

the behavior of thin films composed of the simple cubic bicontinuous phase. At the interface

with the isotropic phase the structure of the simple cubic phase is deformed in such a way

that the water channels on one side of the bilayer are closed, in order to avoid free edges in
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FIG. 1: The sequence of structures in the Stern layer for increasing surface potential. Dark and

white circles represent positively and negatively charged ions respectively.

the lipid bilayer.

We considered the functional

F [φ(r)] =
∫

d3r
(

f [φ(r)] + g[φ(r)] | ∇φ(r) |2 + | △φ(r) |2
)

, (2)

where △ and ∇ denote Laplacian and gradient respectively. In the case of lipids in water,

φ2(r) describes the local concentration of water. The value of the order parameter is zero

at the center of the lipid bilayer, φ(r) = 0. The bilayer divides the space into two disjoint

water channels, one of them on one side of the bilayer, where φ(r) > 0, and the other one

on the other side of the bilayer, where φ(r) < 0. The sign of φ(r) allows to distinguish

between the two disjoint channels of water. The fluid in each channel, however, has the

same physical nature. For this reason in the case of lipids in water the functional (2) must

be an even function of φ. f [φ] is the free-energy density of the homogeneous phases. In

the case of the phase coexistence between water- and lipid-rich phases we can postulate

for f [φ] the form with three minima of equal depth, where φ = ±1 both represent the

water-rich phase, f [φ(r)] = (φ(r)2 − 1)2(φ(r))2. The inhomogeneous distribution of the

components, in particular the formation of the bilayer, is possible when the corresponding

free energy is lower than for any homogeneous structure. When the concentration φ(r)

becomes position-dependent, then (∇φ)2 > 0. F can decrease for (∇φ)2 increasing from zero

when g[φ(r)] < 0. On the other hand, the Laplacian term |∆φ|2 leads to the increase of F ,

and the length scale of the inhomogeneities (the size of the unit cell in the case of the periodic
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phases) is determined by the competition between the terms supporting and suppressing the

spatial oscillations of φ(r). We assume after Ref. [3] the form g[φ(r)] = g2φ(r)2 + g0 with

g2 = 4.01−g0, and g0 = −3 since for those values of parameters the cubic bicontinous phases

in bulk have been already studied in detail [3].

It is worth mentioning that the mathematical forms of the functionals (1) and (2) are very

similar, except that the order parameter φ(r) has a different meaning in these physically

different systems, and the coefficients have different forms. The pattern formation in both

cases follows from the competition between the gradient and Laplacian terms.

We assume that φ(r) is periodic in the directions parallel to the surface of the film while

in the perpendicular direction the primitive and the external (vapour or water) phases are

present at the opposite sides of the interface. In Fig.2 we present the results of the functional

minimization performed for three different orientation of the cubic unit cell with respect to

the surface of the thin film.

100 110 111

FIG. 2: The structure of the interface of the simple cubic phase for three different orientations of

the unit cell with respect to the surface of the thin film. The surface represents the location of the

lipid bilayer.

We have calculated the free energy for three different orientations [111], [110], and [100].

From the calculations it follows that the most stable is the film for the unit cell oriented

in the direction [100]. Our calculations are supported by the results of the experiments

performed by our collaborators from the UK (A. Squires).

Ordering of stripped patterns on flat and curved surfaces.

Particles that attract each other at short distances form clusters at low temperature, but

the repulsion (often of electrostatic origin) at larger separation prevents the clusters from

further growth. In the two-dimensional systems with short-range attraction and long-range

repulsion (SALR), the sequence of structures: disordered, hexagonal pattern of clusters,

5



stripes, hexagonal pattern of voids, and disordered again was observed for increasing density

at low T [4, 5].

For the density optimal for the stripe formation, SALR particles self-assemble into an

isotropic labyrinth of stripes if the temperature is relatively high. This isotropic inhomo-

geneous phase is transformed to an anisotropic phase of stripes with preferred orientation

when the temperature T is decreased. The purpose of our study was to find out if the ori-

entational ordering can occur on a surface of a sphere. We have considered SALR particle

ordering into stripped patterns on a flat surface with periodic boundary conditions (torus

topology, TBC) as well as on a surface of a sphere (SBC) with the same area. In order to

distinguish the isotropic and anisotropic structures on a sphere, we have introduced a new

orientational order parameter Op.

By means of molecular dynamics simulation we have computed: the number of aggregates

M(T ) (Fig.3 top panels), the number of defects (terminal points of elongated aggregates)

d(T ), the orientational order parameter Op(T ) (Fig.3 bottom panels), and the specific heat

CV (T ) for a range of temperature for a flat and a spherical surface.

Our results show that orientationally ordered stripes occur on the surface of the sphere at

sufficiently low T . We have shown that the ordering is associated with a crossover between

Op ≪ 1 at high T and Op ∼ 1 at low T , and it occurs simultaneously with merging of the

stripe segments into longer stripes and with decreasing number of defects.

The comparison between systems with different topology shows that the orientational

order on the sphere occurs for T ≈ 0.06 (dimensionless units) that is much smaller than

T ≈ 0.1 corresponding to the ordered structure on a flat surface of the same area. On the

sphere, some remains of the orientational order persist up to the same temperature as on

the flat surface. The curvature of the surface leads to appearance of the orientational order

at lower T , and to more gradual suppression of the order for high T . The number of defects

increases more gradually upon heating than on the flat surface too.

Thermodynamic and Kinetic Properties of the System with Competing In-

teractions on a Triangular Lattice.

The lattice fluid with small distance attractive interaction between nearest neighbors

and long range repulsive interaction between next-next- nearest neighbors (SALR) was con-

sidered as a model for pattern formation on a surface or an interface. The free energy of

the system is represented as a sum of the free energy of the reference system, which is de-
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FIG. 3: The number of aggregates, M(T ), and the orientational order parameter Op as a function

of temperature in the case of flat system (left column) and particles adsorbed at the surface of

a sphere (right column). The insets show representative configurations at different temperatures.

Different aggregates are marked with different colors

fined by the mean potentials, and the diagram part of the free energy. The free energy of

the reference system is represented in a closed form through elementary functions, whereas

the diagram part of the free energy is represented by the diagram expansion in Mayer-like

functions with averaging over the states of the reference system. The quasi-chemical approx-

imation (QChA) for the free energy, which nullifies the two-vertex diagram contributions

to the free energy diagram expansion, is proposed. The resulting expressions for the equi-

librium characteristics of the model are given in a closed form. The analytical findings for

equilibrium characteristics of the system under study are compared with the Monte Carlo

simulation results. The QChA reasonably reproduces the Monte Carlo simulation results for

the equilibrium thermodynamic (chemical potential, thermodynamic factor) and structural

(the two-particle distribution functions for the nearest neighbors) characteristics beyond the

ordered phase areas. However, more distant correlations (second and third nearest neighbor

correlations) are not represented even qualitatively. This means that many-particle correla-

tions play an important role in SALR systems because the QChA is based on accounting of
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mainly two-particle correlations.

The algorithms for investigating the kinetics of the SALR system were developed. The

initial state was generated by random deposition of particles on empty lattice sites. Then

the system is allowed to evolve to its equilibrium state in the canonic or grand canonic

ensembles. In the canonic ensemble the particles can move to their empty nearest neighbor

sites in accordance with the Metropolis algorithm and the Kawasaki dynamics. In the grand

canonical ensemble in addition to the movement of the particles to their nearest neighbor

lattice sites they can be desorbed or adsorbed on empty lattice sites. The latter algorithm

models the particle exchange between the surface and the surrounding medium. From the

Monte Carlo simulation results it follows that in the canonical ensemble at low tempera-

tures the system is decomposed into ordered domains and the distribution of particles only

fluctuates around this quite stable metastable state. It means that the local minima on the

multidimentional potential surface are strongly energetically separated and the system can

hardly be considered as an ergodic system. Thus, for transition to the equilibrium state the

particle exchange with the surrounding medium is mandatory. The diffusion characteristics

were investigated for equilibrium states in the canonic ensemble formalism. The Metropolis

algorithm and the Kawasaki dynamics were used. The kinetic and tracer(self)diffusion co-

efficient strongly decrease with concentration in the low concentration region and become

relatively constant in the region of concentrations 0.2 - 0.5, imperceptibly decreasing with

temperature lowering. The interesting fact is that the Haven ratio (the tracer diffusion

coefficient divided by the kinetic diffusion coefficient) takes values above one and varies in

the region 1.1 - 1.5 that is opposite to the situation in systems with the nearest neighbor

interactions only and is observed in experiments with solid electrolytes. The deviation of

the Haven ratio from one is explained by the correlated motion of different particles and by

the properties of the special vacancy that appears on the site that was left by the moving

particle because just this particle has larger chance to return to the special vacancy. In

the SALR system it follows that another particle has bigger chance to occupy the special

vacancy thus creating bigger probability for positive correlations between the movements of

different particles.

Thermodynamic Properties of the System with Competing Interactions on a

Square Lattice.

By analogy with the SALR system on a triangular lattice discussed above and in Ref.[5],
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the ratio of the interaction parameters was taken J3/|J1| = 3, where J1 < 0 (attraction) and

J3 > 0 (repulsion) are the interaction energies of the particles occupying the nearest lattice

sites and the nodes that are neighbors of the third order, respectively. The Monte Carlo

modeling of the equilibrium properties of the system was realized in the framework of the

standard Metropolis algorithm. For simulation we used a lattice containing 214 lattice sites

with periodic boundary conditions. The total length of the simulation procedure consisted

of 70 000 steps of the Monte Carlo algorithm (MCS). The first 20 000 MCSs were allocated

to the process of equilibration and were not taken into account for further averaging. A

preliminary simulation on a lattice containing 210 lattice sites showed that two different

types of ordered phases are formed in the system at sufficiently low temperatures. The

specific type of phase depends on the values of the chemical potential µ and the interaction

parameter |J1|/kBT . For introducing the order parameter, the initial square lattice was split

into a system of 8 identical sublattices with a lattice constant 2
√

2a, where a is the lattice

constant of the initial lattice. In the case of the completely ordered system at the lattice

concentration c = 0.5, four sublattices are completely filled, and four ones are completely

vacant. This makes it possible to determine the system order parameter δc as the difference

between the maximum and minimum concentrations on the sublattices. The sharp decrease

of the order parameter leads to the estimation of the critical temperature. With the help of

the introduced order parameter, it was established that the critical parameter of the model

is equal to kBT/|J1| = 1.53 that is considerably higher than the critical temperature of the

system with the nearest neighbor interactions only (kBT/|J1| = 0.91).

Influence of Obstacles on Equilibrium and Diffusion Properties of the Lattice

Fluid on a Surface.

We have introduced a model concerning the system consisting of n particles on a regular

N -sites lattice with the nearest neighbor (NN) interaction. Each site of the lattice can

be vacant, blocked, or occupied by a particle. Multiple particle occupation of a site is

forbidden. The blocked sites are similar to the vacant ones. The only difference between

them is that the former cannot move. From a practical point of view, this model is suitable

for describing the properties of the ensemble of particles adsorbed on the surface of a crystal.

The blocked sites (obstacles) can be considered as defects of crystal structure or surface

contamination of solids or biological objects. The simple quasi-chemical approximation

(QChA) for the free energy of the lattice system was proposed and the expressions for

9



the chemical potential, thermodynamic factor and distribution functions are obtained in a

closed form. The comparison with the MCS data shows that the QChA ensures the semi-

quantitative results for the thermodynamic characteristics of the system even when using

the absolute temperature scale. The diffusion properties of the model were investigated

by the Monte Carlo simulation methods. In addition, the jump diffusion coefficient of

the system was estimated using the Zhdanov’s expression based on the information on the

equilibrium parameters of the system (chemical potential, mean fluid particle concentration

and vacancy distribution function). A comparison of the results of the two approaches

showed that the Zhdanov’s expression makes it possible to obtain adequate estimates of the

jump diffusion coefficient only in the case of a relatively small number of blocked nodes

(no more than 10%). With a larger number of blocked nodes, this relationship leads to a

markedly overestimated jump diffusion coefficient. The magnitude of the error also increases

with decreasing temperature of the system, i.e. with increasing interaction parameter. At

the same time, the qualitative features of the dependence of the jump diffusion coefficient

on concentration and temperature are reproduced correctly.

Growth and connection of colonies of cells or individuals in ecosystems.

SALR potentials (short attractive/long repulsive) are very useful, and used, to represent

systems with competitive short-range interactions and long-range cooperatives (patterns in

ecosystems, colloidal systems, confinement in porous media, ...). We used this kind of po-

tential to represent cellular interaction and differentiation, or the reproduction and death

of individuals in a growing system. The system model consists of an initial configuration

where two components are distributed in different zones of the simulation cell, without mix-

ing. This system is allowed to evolve using Monte Carlo simulation in the Grand Canonical

ensemble. The elimination of an individual is done by choosing it at random, as usual.

But for the creation of a new entity, two methods are used: (a) standard form, where the

insertion of a new individual and the election of the component are at random, and (b) bias

form, that is achieved by placing the new individual in the vicinity of an existing individual

(chosen at random), and with the same characteristics as this one. The two methods show

connection of isolated areas of the same characteristics, although the bias method is faster,

and more natural if we look at it from the point of view of cell differentiation. The results

show that the patterns and behavior obtained represent, for example, the vascularization of

tissues, where cells with a certain functionality try to connect with each other.
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FIG. 4: The system evolves in such a way that individuals with the same functionality (same

component) connect and form clusters or colonies. And this is independent of the starting config-

uration.

Dynamics and structure of nanoconfined water and decane mixtures

A binary mixture of n-decane / water confined in a cylindrical (r=3nm) nanometer tube

was simulated a different concentrations. Tube wall is made of a mixture of Kob-Andersen

molecules (binary mixture of Lennard-Jones particles) which interact with the mixture (n-

decane/water). It is evaluated how the geometry of the system and the fluid/wall interaction

affects the different properties of the fluid, e.g. the distribution of hydrogen bridges, order

parameters, diffusion coefficients, etc. The results show that some structural parameters,

such as distribution of hydrogen bonds or the diffusion coefficient, which is a dynamic

parameter, are strongly affected by the confinement.
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